We discuss the recently introduced concept of non-deterministic noiseless linear amplification, demonstrating that such an operation can only be performed perfectly with vanishing probability of success. We show that a weak measurement, which imprints the weak value of an observable of a pre-selected and post-selected system onto a probe system, can be used to approximate probabilistic noiseless amplification. This result may be applied to various tasks in continuous variable quantum information, including entanglement concentration, probabilistic cloning, and in quantum repeaters. We discuss the application of our scheme to probabilistic cloning of weak coherent states.
When a pre and post-selected quantum system interacts weakly with a probe system, the so-called weak value of an observable of the system is imprinted onto the probe [1, 2] . The weak value can take values outside the range of the eigenvalues of the associated observable [1] , and can even be complex [3] . Weak measurements have been studied extensively to investigate the properties of quantum systems in between measurements, in the time symmetric or two-state vector formalism [4, 5] , and have proven to be a fruitful concept in studying paradoxes in quantum mechanics [6] . Aside from their theoretical investigation, weak values have also been experimentally observed in a number of quantum optical systems [7, 8, 9] . Taking a more operational approach, the imprinting of weak values can be exploited to perform useful tasks in quantum information theory, such as in quantum communication schemes [10] , in entanglement concentration [11, 12] , and to amplify small optical effects, allowing them to be measured [13, 14] . Nevertheless, this potentially useful effect has remained relatively unexplored. In this paper we will discuss the use of the weak measurement formalism to probabilistically perform approximate noiseless linear amplification on small amplitude quantum optical states. Although deterministic noiseless linear amplification is forbidden by the no-cloning theorem [15] , it was recently pointed out that this does not rule out performing the operation non-deterministically [16] , as long as the distinguishability of non-orthogonal states on average does not increase. We consider explicitly the operation that performs noiseless amplification, and show that, even in principle, it can only occur with vanishing probability of success, and therefore cannot be implemented exactly. However, it can be approximated arbitrarily well, with the probability of success necessarily decreasing as the approximation gets better. We present a weak measurement framework for constructing protocols to achieve this. Such protocols may be expected to have many uses in quantum information and communications including, for example, entanglement concentra- * Electronic address: djm12@st-andrews.ac.uk † Electronic address: scroke@perimeterinstitute.ca tion [11, 12] , probabilistic cloning [17] , and in quantum repeaters [18] . We apply our result to the probabilistic cloning of small amplitude coherent states and compare the performance of our scheme to the linear optical proposal of Ralph and Lund [16] .
Linear or phase-insensitive amplification of the complex amplitude of a field mode is associated with a transformation of the annihilation operatorâ → gâ for some g > 1. Clearly there can be no unitary operator achieving such a transformation, since the commutator [â,â † ] is not preserved. The usual interpretation is that amplification must add noise to preserve the commutator, and the minimum amount of noise that must be added is well-studied [19] . Alternatively, we can ask if there is a non-unitary operator achieving this transformation probabilistically [16] . It is useful to consider amplification in the Schrödinger picture, in which it can be thought of as the operation that transforms a coherent state |α , an eigenvector of the annihilation operator with eigenvalue α, to |gα , with some probability of success p S , which may depend on the input state. Thus, we define the operatorΓ(g), corresponding to noiseless amplification, by its action on coherent stateŝ
In the photon number basis this may be written
(2) ThusΓ(g) has the form
wheren = n|n n| is the photon number operator, and the constant of proportionality c determines the probability of success via p S = |c| 2 e −(g 2 −1)|α| a Kraus operator decomposition [20] 
where the Kraus operators {Â i } satisfy the constraint iÂ † iÂ i ≤1 (with equality if and only if the operation is deterministic). In our case there is only one Kraus operatorÂ 1 =Γ(g), and thus we requireΓ
The constraint is therefore
which, for g > 1 can only hold if |c| 2 = 0, i.e. the operation has vanishing probability of success. Despite this, we note that noiseless amplification can be approximated arbitrarily well with finite probability. One way to achieve this in principle [17] is by truncating the Hilbert space, and performing the operation
on the subspace spanned by the first N +1 Fock states, for some arbitrarily large but finite N . This is an allowed operation provided |c N | 2 g 2N ≤ 1, thus as the approximation gets better the probability of success, which is proportional to |c N | 2 , falls off exponentially. In the weak measurement formalism, a system prepared in some state |φ i is allowed to interact weakly with another, probe system, through an interaction Hamiltonian of the formĤ I =hκ(t)Â ⊗P , and is later postselected in state |φ f . If the interaction persists for a time T , we denote κ T = T 0 κ(t)dt, and a probe system initially in state |ψ i is transformed via
where we have neglected normalisation and
is the weak value of the observableÂ. A weak measurement is defined by the approximation in eqn (7), which is valid if the coupling is weak enough and for certain probe states. Thus the probe system registers the weak value of the observableÂ, and not one of its eigenvalues. Note that the weak value A W is complex in general [3] ; the real part gives an effective unitary evolution for the probe system, while a non-zero imaginary part results in non-unitary evolution. This paradigm suggests a way to approximately implement probabilistic noiseless amplification on the probe state. If we perform a weak measurement with an interaction Hamiltonian of the formĤ I =hκ(t)Ô ⊗n, the probe system is transformed via
where
is the weak value ofÔ, the actual value of which depends on the pre-and postselections. Identifying g = e κT ℑ(OW ) , it is clear that the non-unitary part approximates noiseless amplification (eqn 3) when ℑ(O W ) > 0. Note that the real part of the weak value simply imparts a known phase shift, given by κ T ℜ(O W (ω)), which can easily be corrected if necessary by adjusting the optical path length. Our weak mea- surement model for noiseless amplification is thus based on the configuration depicted in Fig.1 ; the probe state in mode A is coupled to an ancilla state in mode B prepared in |Φ , by means of unitary evolution under a HamiltonianĤ I =hκ(t)Ô ⊗n. The ancilla is later post-selected in state |ω , by means of a measurement on mode B. The transformed state of the probe system, denoted |ψ ω , depends on the measurement outcome, and is given by
where N is a normalisation constant, and the notation O W (ω) reflects the fact that the weak value depends on the result of measurement of mode B. Expanding the actual output state and the approximated state in the eigenbasis of the number operatorn gives the infinite set of equations
∀n ∈ [0, ∞). These weakness conditions must be satisfied if the weak measurement model is to be considered an accurate description of this indirect measurement. They are automatically satisfied for small n provided that the coupling between signal and probe is weak κ T ≪ 1, and for large or intermediate n can be satisfied provided n|ψ i ≈ 0. States which have this form include, for example, small amplitude coherent states, and small amplitude squeezed states. According to eqn (9) , to achieve noiseless amplification, we need to choose a configuration that allows weak values with a positive imaginary part. Consider that an expectation value can be written as a probabilistic mixture of weak values [21] 
However, since all expectation values for any observable are necessarily real then ω∈Ω | ω|Φ | 2 ℑ{O W (ω)} = 0. Thus, there are two possibilities; the trivial case ℑ{O W (ω)} = 0 for all ω ∈ Ω, and the case ∃ω ∈ Ω + such that ℑ{O W (ω)} > 0 and ∃ω ∈ Ω − such that ℑ{O W (ω)} < 0. Thus this procedure is probabilistic since only a subset of all measurement outcomes ω accompany a weak value such that ℑ{O W (ω)} > 0. The measurement on mode B may be described by a probability operator measure (POM) [22] , also known as a positive-operator valued measure (POVM) [23] , that is a set of positive operatorsΠ ω satisfying ωΠ ω =1 in the discrete case, or dωΠ ω =1 in the continuous case. Post-selecting state |ω is associated with a POM element of the formΠ ω = a ω |ω ω| for some positive constant a ω , and the probability of obtaining the corresponding measurement outcome may be expressed
where1 p is the identity operator on the probe system. Thus the probability of success of the noiseless amplification is P S = ω∈Ω + P (ω). An analogous expression may be obtained in the continuous POM case, where the probability P (ω) in eqn (12) becomes a probability density ρ(ω)dω, and the probability of success is given by Ω + ρ(ω)dω. Note that, despite our earlier discussion, this probability need not be vanishing as this scheme is only an approximation to noiseless amplification. Further, our scheme is only applicable to states which satisfy the weakness conditions, that is those with negligible support at large n. Note that these are precisely the states for which the theoretical method of truncating the state space method provides a good approximation to noiseless amplification. In the protocols discussed below, we propose to measure the accuracy of our approximation via the fidelity
2 between the final probe state in the weak approximation |ψ ω , as defined in (9), and the final probe state given by the general quantummechanical formula, |ψ
The better the approximation provided by the weak measurement model to the actual output of the apparatus, the higher the fidelity.
An advantage of this weak measurement approach is that many different physical apparatus may be described by the same formalism. We require an interaction Hamiltonian of the formĤ I =hκ(t)Ô ⊗n, along with the ability to prepare and measure quantum states. In principle a wide range of combinations of physical ancilla systems, interactions and measurements can give rise to a physical realisation of approximate noiseless amplification. This has already been shown to be a powerful approach in demonstrating that existing models of Gaussian continuous variable entanglement concentration can all be thought of as special cases of the weak measurement formalism considered here [11] . We consider now the application of this scheme to cloning of weak coherent states, and discuss the performance of one possible physical implementation. The configuration we consider is an all optical setting where an ancilla initially prepared in a coherent state |α ∈ ℜ interacts with the probe system through the cross Kerr effectĤ I =hκn AnB , and the measurement corresponds to balanced homodyne detection, post-selecting onto the quadrature eigenstate |p . Thus the weak value imprinted on the probe is that of the number operator for the ancilla mode, and is given by n W = p|n|α p|α
Cloning of a small amplitude coherent state |β is equivalent to amplification |β → | √ 2β , since from this a 50-50 beam-splitter can produce two copies of |β . In fact for any g ≥ √ 2 it is possible to extract two copies of |β from |gβ using linear optics. Thus our success condition may be expressed g = e κT ℑ{OW (ω)} ≥ √ 2. This in turn requires
. The POM associated with the quadrature measurement is a continuous POM, with operators {Π p dp = |p p|dp}, and the probability density may be calculated to be ρ(p) = (e Fig. 2 we plot the probability density ρ(p), the gain g = e and β = 0.2. We note that the fidelity decreases as the gain increases, and we choose the range of measurement outcomes for which −1.6 ≤ p ≤ − to be those for which cloning is considered to be successful. This corresponds to g ≥ √ 2, but also ensures high fidelity of cloning. In Table I we give some numerical values for the fidelities and corresponding probabilities of success achievable by our model, and give those achieved by the linear optical model of [16] for comparison purposes. For fidelities comparable to those achieved by this model, our protocol has a probability of success that is an order of magnitude larger. Further, at a fidelity of 0.99 our protocol gives a probability of success as high as 20%. We have considered noiseless linear amplification, and shown that it is an operation that can only be performed perfectly with vanishing probability of success. Nevertheless, it can be approximated arbitrarily well, and we have introduced a weak measurement framework for constructing protocols to achieve this. Our framework potentially describes a range of possible physical realisations, all that is required is a suitable interaction Hamiltonian, and the ability to prepare and measure states. The resulting protocols achieve approximate noiseless amplification with some probability of success, and success is heralded. Our scheme is of theoretical interest as an example of how weak values may be exploited to perform useful tasks in quantum information theory. We have discussed one possible physical implementation, in an all optical setting, and have shown how this may be applied to probabilistically clone small amplitude coherent states. This implementation is conceptually simple, requiring only a small cross-Kerr non-linearity, coherent state inputs, and balanced homodyne detection. The effects of experimental imperfections, and in particular how the fully continuous time, multi-mode analysis of the cross-Kerr effect considered in [24, 25] affects our all-optical scheme are left for future work. Further, our weak measurement framework allows the identification of working configurations, but leaves the question of optimization unanswered. Investigating this problem and the wider applicability of weak measurements in quantum information is also left for future work.
